Finally, in 5 we will establish the analogue of Theorem 1 in dimensions greater than 2.
One is naturally led by this approach to consider the extent to which the geometry of D in a neighborhood of OD governs the spectrum of D. To that end, let However, this compact set may include certain degeneracies in OD, as in the following picture:
It is clear that one may pinch the middle of this region so as to keep the a's bounded. However, the region D tends in the limit to two disks joined at a point.
FIGURE
The question was then raised as to whether this pinching could be detected spectrally.
See [11] for a discussion of this question. In particular, it is shown there and in [-9] how the determinant of the Laplacian serves as a non-local spectral invariant which detects this kind of degeneracy. We will return to this line of thought in Such a curve was studied by Blank [1] , who attributed the example to Milnor (see [7] for a historical discussion), and independently by Eliashberg [5] , and is shown below in Figure 2 : Cheeger's inequality is, of course, valid for all dimensions, but for simplicity in notation we will restrict to the two-dimensional case.
We now choose so that D1 has a long, narrow tube at the place which is cut open in Figure 3 , but D2 has no such narrow tube.
To estimate 2(Dx), we consider a test function f which is cx on one lobe in Figure 3, Note that Osserman's theorem is usually stated for planar disks, but was proved in [10] in the more general case considered here, and indeed under the more general assumption that D is simply connected and has non-positive curvature.
Note also the upper bound
where (const) is the lowest Dirichlt eigenvalue of the unit disk, as can be seen from the fact that 2 is strictly decreasing under inclusion of domain.
We may now choose our curve in the following way, as shown in Figure 5 , which shows the right-hand lobe of ,: the outside curve becomes a large lobe, while the inner curves wiggle in and out.
In Figures 6 and 7 Note that this wiggling can be done independent of the narrowing of the tube of 3.
In particular, this completes the proof of Theorem We now turn to Theorem 2. We observe that the planar disks shown in Figure  8 below are evidently of the same area and piecewise isometric near the boundary. However, the disk on the right has a thin neck in the middle, while the one on the left does not, so they differ for Neumann boundary conditions. Furthermore, the left disk has a large embedded ball while the right one does not, so they differ also for Dirichlet conditions. 5. Higher Dimensions. In this section, we will show how the construction of 2 generalizes to give fiat n-dimensional disks D and D which are isometric near their boundaries but are not isospectral. We begin with the following observation: let U be a region in E which is symmetric about the x-axis. Let us denote by U" the region in E" obtained from U by including E2 in [", and rotating U by the orthogonal group SO(n 1) keeping the x-axis fixed. It is then obvious that if U is topologically a disk, then U" is topologically an n-dimensional disk, and its boundary is an n-1-dimensional sphere. 
